An Examination of an Iterative Convergence Algorithm for Lagrange Multiplier Dynamic Constraints

Richard W. DeVaul Masters Student, Aesthetics and Computation Group The Media Laboratory Massachusetts Institute of Technology

October 22, 1997 Revision: 1.3

Abstract

This paper describes a proposal for a class project in The Nature of Mathematical Modeling (MAS.864) taught by Professor Neil Gershenfeld, Fall semester 1997.

1 Introduction

Dynamic constraints are a natural way of describing many interesting physical systems. There are two general categories of dynamic constraints discussed in the computer graphics literature: reduced coordinate formulations and Lagrange multiplier dynamic constraints.

Reduced coordinate formulations involve re-parameterizing an unconstrained system with n degrees of freedom as a constrained system with i < n degrees of freedom. This can be quite difficult for arbitrary system of constraints, since there is often no obvious way of re-parameterizing systems involving constraint loops [5, 3].

A more flexible technique is to use Lagrange multiplier dynamic constraints. Lagrange multiplier approaches maintain constraints by introducing constraint forces into the original n degrees of freedom system. Reparameterization is not involved, and the constraints are described in a modular way which makes the construction of arbitrary systems of constraints straightforward. However, Lagrange multiplier techniques involve solving for a vector of Lagrange multipliers λ each time the constraint forces are evaluated, which requires the solution of a system of linear equations. For a system of n constraints, this generally requires solving an equation of the form Aλ = b, where A is a square symmetric positive definite matrix of dimension n, λ is a vector of n Lagrange multipliers, and b is a vector of dimension n. Very often A is sparse, in which case conjugate gradient (or other iterative convergence) methods exploiting sparseness may be used. In theory such techniques reduce the order to approximately O(n^2) [8, 3], but since the sparseness of A is not guaranteed solving for λ is generally a O(n^3) operation [3].

Recently, Baraff [3] has described an O(n) Lagrange multiplier solution for acyclic constraint problems. Central to this technique is an always sparse formulation, and a relatively simple O(n) technique for solving the resulting linear system.

Over the last year and a half, I have developed an iterative algorithm for solving arbitrary, cyclic, Lagrange multiplier constraint problems. This algorithm (which is central to my as-yet unpublished M.S. Visualization Science thesis) appears to be O(n) with respect to the number of constraints. However, I do not yet fully understand the convergence properties of this algorithm, which (I believe) is essentially a relaxation process. Gaining a better understanding of this process would be a great benefit to my research.

2 Goals

I have two goals for this project:

1. To apply the principles of analysis I have learned in class to better understand the convergence behavior of the algorithm.

2. To use what I learn in the analysis process to develop an improved algorithm with improved convergence properties.

It is my hope that by studying iterative numerical techniques in general (and relaxation techniques more specifically) I can accomplish my first goal, and that the second will naturally follow from the first. As a starting point, I plan on studying the following references, beginning with the book by William F. Ames: [1, 2, 4, 6, 7].

3 Bibliography

References

[1] William F. Ames. Numerical Methods for Partial Differential Equations.

Barnes & Nobel, New York, 1st edition, 1969.

[2] Ivo Babuška, Jagdish Chandra, and Joseph E. Flaherty, editors. Adaptive Computational Methods for Partial Differential Equations, Philadelphia, February 14–16 1983. Mathematical Sciences Division, United States Army Research Office, Siam. Proceedings of a Workshop held at The University of Maryland College Park, Maryland.

[3] David Baraff. Linear-time dynamics using lagrange multipliers. In Computer Graphics Proceedings, Annual Conference Series, 1996, pages 137– 146, New York, August 1996. ACM SIGGRAPH.

[4] S I Hariharan and T H Moulden. Numerical methods for partial differential equations. Longman Scientific & Technical, Essex CM202JE, England, 1986.

[5] Paul M. Isaacs and Michael F. Cohen. Controlling dynamic simulation with kinematic constraints, behavior functions and inverse dynamics. In Computer Graphics Proceedings, Annual Conference Series, 1987, pages 131–140, New York, July 1987. ACM SIGGRAPH.

[6] D.P. Laurie, editor. Numerical Solution of Partial Differential Equations:

Theory, Tools, and Case Studies, volume Vol. 66 of International Series of Numerical Mathematics, Basel, Boston Stuttgart, February 8–10 1982. Birkhäuser Verlag. Summer Seminar Series Held at CSIR, Pretoria.

[7] E. H. Twizell. Computational Methods for Partial Differential Equations.

ELLIS HORWOOD LIMITED, West Sussex, England, 1984.

[8] Andrew Witkin, David Baraff, and Michael Kass. Physically based modeling. In SIGGRAPH95 Course Notes, SIGGRAPH Course Notes, page Course 34, New York, August 1995. ACM, ACM SIGGRAPH.